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Abstract
In this paper, the norm of a Hilbert’s type linear operator T : lr → lr (r > 1; r = p,q) is given. As
applications, a new operator inequality and the equivalent forms with the norm are obtained, and particularly
some new extended Hilbert’s type inequalities and the equivalent forms with the best constant factors are
established.
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1. Introduction
If H is a real separable Hilbert space, and T : H → H is a bounded self-adjoint semi-positive
definite operator, then (see Zhang [1])
(a, T b)2  ‖T ‖
2
2
(‖a‖2‖b‖2 + (a, b)2) (a, b ∈ H), (1)
where (a, b) is the inner product of a and b, and ‖a‖ = √(a, a) is the norm of a. Set H = l2 and
define T : l2 → l2 as: for a = {am}∞m=1 ∈ l2,
(T a)(n) :=
∞∑
m=1
1
m + n − 1am, n ∈ N. (2)
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sharper form of Hilbert’s inequality is obtained by (1) as
∞∑
n=1
∞∑
m=1
ambn
m + n − 1 
π√
2
{ ∞∑
n=1
a2n
∞∑
n=1
b2n +
( ∞∑
n=1
anbn
)2} 12
. (3)
Using Cauchy’s inequality in the above term (
∑∞
n=1 anbn)2, the Hilbert’s inequality yields as
follows:
∞∑
n=1
∞∑
m=1
ambn
m + n − 1  π
{ ∞∑
n=1
a2n
∞∑
n=1
b2n
} 1
2
. (4)
In 1925, Hardy and Riesz [3] gave an extension of (4) as: if p > 1, 1/p+1/q = 1, an, bn  0,
a = {am}∞m=1 ∈ lp , b = {bn}∞n=1 ∈ lq and ‖a‖p,‖b‖q > 0, then
∞∑
n=1
∞∑
m=1
ambn
m + n − 1 <
π
sin(π/p)
‖a‖p‖b‖q, (5)
where the constant factor πsin(π/p) is the best possible, and ‖a‖p = {
∑∞
n=1 a
p
n }1/p . In view of (2),
one may rewrite (5) as
(T a, b) <
π
sin(π/p)
‖a‖p‖b‖q, (6)
where, (T a, b) is the formal inner product of T a and b defined by
(T a, b) :=
∞∑
n=1
( ∞∑
m=1
am
m + n − 1
)
bn =
∞∑
n=1
∞∑
m=1
ambn
m + n − 1 .
Inequalities (4) and (5) are important in analysis and its applications (see Hardy et al. [4]
and Mitrinovic et al. [5]). In 1999, by introducing a parameter λ, Yang and Debnath [6] gave an
extension of (5) as: if 2 − min{p,q} < λ 2, ‖c1/pa‖p , ‖c1/qb‖q > 0 (c = {n1−λ}∞n=1), then
∞∑
n=1
∞∑
m=1
ambn
(m + n − 1)λ < B
(
p + λ − 2
p
,
q + λ − 2
q
)∥∥c 1p a∥∥
p
∥∥c 1q b∥∥
q
, (7)
where the constant factor B(p+λ−2
p
,
q+λ−2
q
) is the best possible, and the Beta function B(u, v)
is defined by (see Wang and Gua [7])
B(u, v) :=
∞∫
0
tu−1
(1 + t)u+v dt = B(v,u) (u, v > 0). (8)
In 2003, Yang and Rassias [8] summarized how to use the way of weight coefficient in research
for Hilbert’s type inequalities. Recently, Brnetic and Pecaric [9] have given some generalizations
of Hilbert’s type inequality and Gao and Hsu [10] summarized some results of study ulteriorly.
In this paper, the characterization of the norm of a Hilbert’s type linear operator T : lr → lr
(r > 1; r = p,q) is considered. As applications, a new operator inequality and the equivalent
forms with the norm are established, and some new extended Hilbert’s type inequalities with the
best constant factors such as (7) and the equivalent forms are given.
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Let p > 1, 1/p + 1/q = 1, lr (r = p,q) be real normal spaces, and k(x, y) be continuous in
(0,∞) × (0,∞), satisfying k(x, y) = k(y, x) > 0, x, y ∈ (0,∞). Define the linear operator T
as:
(T a)(n) :=
∞∑
m=1
k(m,n)am, a = {am}∞m=1 ∈ lp, n ∈ N; (9)
or equivalently for b = {bn}∞n=1 ∈ lq ,
(T b)(m) :=
∞∑
n=1
k(n,m)bn, m ∈ N. (10)
For ε ( 0) small enough and x > 0, setting k˜r (ε, x) as
k˜r (ε, x) :=
∞∫
0
k(x, t)
(
x
t
) 1+ε
r
dt (r = p,q), (11)
one has the following theorem.
Theorem 1.
(i) If for fixed x > 0, the function k(x, t)(x/t)1/r is decreasing in t ∈ (0,∞), and
k˜r (0, x) =
∞∫
0
k(x, t)
(
x
t
) 1
r
dt = kp (r = p,q), (12)
where kp is a positive constant independent of x, then T ∈ B(lr → lr ) and ‖T ‖r  kp
(r = p,q);
(ii) if for fixed x > 0 and ε  0, the function k(x, t)(x/t)(1+ε)/r is decreasing in t ∈ (0,∞);
k˜r (ε, x) = kp(ε) (r = p,q; ε  0, x > 0) is independent of x, satisfying kp(ε) = kp + o(1)
(ε → 0+), and
∞∑
m=1
1
m1+ε
1∫
0
k(m, t)
(
m
t
) 1+ε
r
dt = O(1) (ε → 0+; r = p,q), (13)
then ‖T ‖r = kp (r = p,q).
Proof. (i) For a = {am}∞m=1( 0) ∈ lp , by Hölder’s inequality with weight (see Kuang [11]), one
has from condition (i) that( ∞∑
m=1
k(m,n)am
)p
=
{ ∞∑
m=1
k(m,n)
[(
m
n
) 1
pq
am
][(
n
m
) 1
pq
]}p

[ ∞∑
k(m,n)
(
m
n
) 1
q
a
p
m
][ ∞∑
k(n,m)
(
n
m
) 1
p
]p−1
m=1 m=1
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[ ∞∑
m=1
k(m,n)
(
m
n
) 1
q
a
p
m
][ ∞∫
0
k(n, x)
(
n
x
) 1
p
dx
]p−1
=
[ ∞∑
m=1
k(m,n)
(
m
n
) 1
q
a
p
m
]
(kp)
p−1,
and then, one obtains
‖T a‖p =
{ ∞∑
n=1
( ∞∑
m=1
k(m,n)am
)p} 1
p
 kp
1
q
{ ∞∑
n=1
∞∑
m=1
k(m,n)
(
m
n
) 1
q
a
p
m
} 1
p
= kp
1
q
{ ∞∑
m=1
∞∑
n=1
k(m,n)
(
m
n
) 1
q
a
p
m
} 1
p
 kp
1
q
{ ∞∑
m=1
[ ∞∫
0
k(m,y)
(
m
y
) 1
q
dy
]
a
p
m
} 1
p
= kp‖a‖p.
It follows that T a ∈ lp and ‖T ‖p  kp (cf. Taylor and Lay [12]). By the same way, one has
T b ∈ lq and ‖T ‖q  kp.
(ii) It is obvious that condition (ii) covers condition (i). For ε > 0, setting a˜ ∈ lp as: a˜ =
{[∑∞n=1 n−(1+ε)]−1/pm−(1+ε)/p}∞m=1, then one has ‖a˜‖p = 1 and from condition (ii) that,
‖T ‖p  ‖T a˜‖p =
[ ∞∑
n=1
n−(1+ε)
]− 1
p
{ ∞∑
n=1
( ∞∑
m=1
k(m,n)m
− 1+ε
p
)p} 1
p
=
[ ∞∑
n=1
n−(1+ε)
]− 1
p
{ ∞∑
n=1
n−(1+ε)
[ ∞∑
m=1
k(n,m)
(
n
m
) 1+ε
p
]p} 1
p

[ ∞∑
n=1
n−(1+ε)
]− 1
p
{ ∞∑
n=1
n−(1+ε)
[ ∞∫
1
k(n, x)
(
n
x
) 1+ε
p
dx
]p} 1
p
=
[ ∞∑
n=1
n−(1+ε)
]− 1
p
{ ∞∑
n=1
n−(1+ε)
[
kp(ε) −
1∫
0
k(n, x)
(
n
x
) 1+ε
p
dx
]p} 1
p
= kp(ε)
[ ∞∑
n=1
n−(1+ε)
]− 1
p
{ ∞∑
n=1
n−(1+ε)
[
1 − 1
kp(ε)
1∫
0
k(n, x)
(
n
x
) 1+ε
p
dx
]p} 1
p
.
Since by Bernoulli’s inequality (see [11]), one has[
1 − 1
kp(ε)
1∫
k(n, x)
(
n
x
) 1+ε
p
dx
]p
 1 − p
kp(ε)
1∫
k(n, x)
(
n
x
) 1+ε
p
dx,0 0
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‖T ‖p  kp(ε)
[ ∞∑
n=1
n−(1+ε)
]− 1
p
{ ∞∑
n=1
n−(1+ε)
[
1 − p
kp(ε)
1∫
0
k(n, x)
(
n
x
) 1+ε
p
dx
]} 1
p
= kp(ε)
[ ∞∑
n=1
n−(1+ε)
]− 1
p
{ ∞∑
n=1
n−(1+ε) − p
kp(ε)
O(1)
} 1
p
= [kp + o(1)]
{
1 − p
kp(ε)
O(1)
[ ∞∑
n=1
n−(1+ε)
]−1} 1
p
,
and ‖T ‖p  kp (for ε → 0+). Hence, combining with ‖T ‖p  kp in (i), one has ‖T ‖p = kp.
By the same way, one still has ‖T ‖q = kp. The theorem is proved. 
Theorem 2. Let p > 1, 1/p+1/q = 1 and k˜r (0, x) (r = p,q; x > 0) in (12) satisfy condition (i)
in Theorem 1. If am,bn  0 and a = {am}∞m=1 ∈ lp, b = {bn}∞n=1 ∈ lq , then one has the following
two equivalent inequalities:
∞∑
n=1
∞∑
m=1
k(m,n)ambn  kp‖a‖p‖b‖q; (14)
{ ∞∑
n=1
( ∞∑
m=1
k(m,n)am
)p} 1
p
 kp‖a‖p, (15)
where the constant factor kp (=
∫∞
0 k(x, t)(x/t)
1/q dt > 0) is independent of x.
Proof. By Hölder’s inequality with weight and condition (i), one has
∞∑
n=1
∞∑
m=1
k(m,n)ambn
=
∞∑
n=1
∞∑
m=1
k(m,n)
[(
m
n
) 1
pq
am
][(
n
m
) 1
pq
bn
]

{ ∞∑
m=1
∞∑
n=1
k(m,n)
(
m
n
) 1
q
a
p
m
} 1
p
{ ∞∑
n=1
∞∑
m=1
k(n,m)
(
n
m
) 1
p
b
q
n
} 1
q

{ ∞∑
m=1
[ ∞∫
0
k(m,y)
(
m
y
) 1
q
dy
]
a
p
m
} 1
p
{ ∞∑
n=1
[ ∞∫
0
k(n, x)
(
n
x
) 1
p
dx
]
b
q
n
} 1
q
= kp
{ ∞∑
m=1
a
p
m
} 1
p
{ ∞∑
n=1
b
q
n
} 1
q
, (16)
and (14) yields. Set bn = (∑∞m=1 k(m,n)am)p−1 (n ∈ N) and use (14) to obtain
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∞∑
n=1
b
q
n =
∞∑
n=1
( ∞∑
m=1
k(m,n)am
)p
=
∞∑
n=1
∞∑
m=1
k(m,n)ambn  kp‖a‖p
{ ∞∑
n=1
b
q
n
} 1
q
; (17)
{ ∞∑
n=1
b
q
n
} 1
p
=
{ ∞∑
n=1
( ∞∑
m=1
k(m,n)am
)p} 1
p
 kp‖a‖p < ∞. (18)
Hence (15) yields, and one shows that (14) implies (15).
If (15) is valid, by Hölder’s inequality, one has
∞∑
n=1
∞∑
m=1
k(m,n)ambn =
∞∑
n=1
( ∞∑
m=1
k(m,n)am
)
(bn)

{ ∞∑
n=1
( ∞∑
m=1
k(m,n)am
)p} 1
p
‖b‖q . (19)
Then by (15), one has (14). It follows that (15) is equivalent to (14). The theorem is proved. 
Note 1. Since ‖T ‖q  kp, by the same way, one still can show that{ ∞∑
m=1
( ∞∑
n=1
k(n,m)bn
)q} 1
q
 kp‖b‖q, (20)
and (20) is equivalent to (14). It follows that (14), (15) and (20) are equivalent.
Theorem 3. Let p > 1, 1/p + 1/q = 1 and k˜r (ε, x) (r = p,q; x > 0, ε  0) in (11) satisfy con-
dition (ii) in Theorem 1. If am,bn  0, a = {am}∞m=1 ∈ lp, b = {bn}∞n=1 ∈ lq , and ‖a‖p,‖b‖q > 0,
T is defined by (9), and the formal inner product (T a, b) is defined by
(T a, b) :=
∞∑
n=1
∞∑
m=1
k(m,n)ambn = (a, T b), (21)
then one has the following two equivalent inequalities:
(T a, b) < ‖T ‖p‖a‖p‖b‖q; (22)
‖T a‖p < ‖T ‖p‖a‖p, (23)
where the constant factor ‖T ‖p =
∫∞
0 k(x, t)(x/t)
1/q dt (> 0) is the best possible.
Proof. If the first inequality of (16) takes the form of equality, then, there exist real numbers
A and B such that they are not all zero, and make (see [11]) A(m/n)1/qapm = B(n/m)1/pbqn ,
m,n ∈ N. It follows that Amapm = Bnbqn , m,n ∈ N, and then there exists a constant C, such that
Ama
p
m = C, m ∈ N; Bnbqn = C, n ∈ N. Without loss of generality, assume that A = 0. Then
one has apm = CAm , m ∈ N, which contradicts the fact that a ∈ lp and ‖a‖p > 0. Hence the first
inequality of (16) takes the form of strict inequality, and in view of ‖T ‖p = kp in Theorem 1,
one has (22).
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takes the form of strict inequality. So does (18), and then (23) yields. Basing on the equivalency
of (14) and (15), it follows that (22) and (23) are equivalent. In view of the fact that the constant
factor ‖T ‖p in (23) is the best possible (see [12]), one can conclude that the constant factor
‖T ‖p in (22) is the best possible. Otherwise, by (18) and (17), one can get a contradiction that
the constant factor in (23) is not the best possible. The theorem is proved. 
Note 2. By the same way, in view of (a, T b) = (T a, b) and ‖T ‖q = ‖T ‖p , one still has
‖T b‖q < ‖T ‖p‖b‖q, (24)
where the constant factor ‖T ‖p is the best possible, and (22), (23) and (24) are equivalent.
3. Some particular cases
(1) Setting
k(x, y) = (xy)
(λ−1)/2
xλ + yλ
(
1 − 2 min
{
1
p
,
1
q
}
< λ 1 + 2 min
{
1
p
,
1
q
})
,
for any 0 ε < λ+12 min{p,q} − 1 and fixed x > 0, putting u = ( yx )λ, one finds from (8) that
k˜q (ε, x) =
∞∫
0
(xy)(λ−1)/2
xλ + yλ
(
x
y
) 1+ε
q
dy
= 1
λ
∞∫
0
1
1 + uu
( λ+12λ − 1+εqλ )−1 du → 1
λ
∞∫
0
1
1 + uu
q(λ+1)−2
2qλ −1 du
= 1
λ
B
(
q(λ + 1) − 2
2qλ
,
p(λ + 1) − 2
2pλ
)
= kp, k˜p(ε, x) → kp
(
ε → 0+);
0 <
∞∑
m=1
1
m1+ε
1∫
0
k(m, t)
(
m
t
) 1+ε
r
dt
=
∞∑
m=1
1
m1+ε
1∫
0
(mt)
λ−1
2
mλ + tλ
(
m
t
) 1+ε
r
dt 
∞∑
m=1
1
m1+ε
1∫
0
(mt)
λ−1
2
mλ
(
m
t
) 1+ε
r
dt
= 1
( λ+12 − 1+εr )
∞∑
m=1
1
m
1+λ
2 + 1+εs
< ∞
(
ε → 0+; r > 1, s = r
r − 1
)
.
Since for r > 1, ε  0, 0 1 − 2 min{1/p,1/q} < λ 1 + 2 min{1/p,1/q} and fixed x > 0, the
function
k(x, t)
(
x
t
) 1+ε
r = (xt)
λ−1
2
xλ + tλ
(
x
t
) 1+ε
r = x
1+ε
r
+ λ−12
xλ + tλ t
λ−1
2 − 1+εr , t ∈ (0,∞),
is decreasing, then by Theorem 1, one has
‖T ‖p = kp = 1
λ
B
(
q(λ + 1) − 2
2qλ
,
p(λ + 1) − 2
2pλ
)
,
and by Theorem 3, it follows that
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equivalent inequalities:
∞∑
n=1
∞∑
m=1
(mn)
λ−1
2 ambn
mλ + nλ <
1
λ
B
(
q(λ + 1) − 2
2qλ
,
p(λ + 1) − 2
2pλ
)
‖a‖p‖b‖q; (25)
{ ∞∑
n=1
[ ∞∑
m=1
(mn)
λ−1
2 am
mλ + nλ
]p} 1
p
<
1
λ
B
(
q(λ + 1) − 2
2qλ
,
p(λ + 1) − 2
2pλ
)
‖a‖p, (26)
where the constant factor 1
λ
B(
q(λ+1)−2
2qλ ,
p(λ+1)−2
2pλ ) is the best possible.
(2) Setting
k(x, y) = (xy)
(λ−1)/2
(x + y)λ
(
1 − 2 min
{
1
p
,
1
q
}
< λ 1 + 2 min
{
1
p
,
1
q
})
,
for any 0 ε < ((λ + 1)/2)min{p,q} − 1 and fixed x > 0, putting u = y/x, one finds from (8)
that
k˜q (ε, x) =
∞∫
0
(xy)(λ−1)/2
(x + y)λ
(
x
y
) 1+ε
q
dy
=
∞∫
0
1
(1 + u)λ u
( λ+12 − 1+εq )−1 du →
∞∫
0
1
(1 + u)λ u
( λ+12 − 1q )−1 du
= B
(
q(λ + 1) − 2
2q
,
p(λ + 1) − 2
2p
)
= kp, k˜p(ε, x) → kp
(
ε → 0+);
0 <
∞∑
m=1
1
m1+ε
1∫
0
k(m, t)
(
m
t
) 1+ε
r
dt
=
∞∑
m=1
1
m1+ε
1∫
0
(mt)
λ−1
2
(m + t)λ
(
m
t
) 1+ε
r
dt 
∞∑
m=1
1
m1+ε
1∫
0
(mt)
λ−1
2
mλ
(
m
t
) 1+ε
r
dt
= 1
( λ+12 − 1+εr )
∞∑
m=1
1
m
λ+1
2 + 1+εs
< ∞
(
ε → 0+; r > 1, s = r
r − 1
)
.
Since for ε  0, 0 1 − 2 min{1/p,1/q} < λ 1 + 2 min{1/p,1/q} and fixed x > 0, the func-
tion
k(x, t)
(
x
t
) 1+ε
r = (xt)
λ−1
2
(x + t)λ
(
x
t
) 1+ε
r = x
1+ε
r
+ λ−12
(x + t)λ t
λ−1
2 − 1+εr , t ∈ (0,∞),
is decreasing, then by Theorem 1, one has
‖T ‖p = kp = B
(
q(λ + 1) − 2
2q
,
p(λ + 1) − 2
2p
)
,
and by Theorem 3, it follows that
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equivalent inequalities:
∞∑
n=1
∞∑
m=1
(mn)
λ−1
2 ambn
(m + n)λ < B
(
q(λ + 1) − 2
2q
,
p(λ + 1) − 2
2p
)
‖a‖p‖b‖q; (27)
{ ∞∑
n=1
[ ∞∑
m=1
(mn)
λ−1
2 am
(m + n)λ
]p} 1
p
< B
(
q(λ + 1) − 2
2q
,
p(λ + 1) − 2
2p
)
‖a‖p, (28)
where the constant factor B(q(λ+1)−22q , p(λ+1)−22p ) is the best possible.
(3) Setting
k(x, y) = (xy)
λ−1
2
(max{x, y})λ
(
1 − 2 min
{
1
p
,
1
q
}
< λ 1 + 2 min
{
1
p
,
1
q
})
,
for any 0 ε < (λ + 1)/2 min{p,q} − 1, and fixed x > 0, one finds that
k˜q (ε, x) =
∞∫
0
(xy)
λ−1
2
(max{x, y})λ
(
x
y
) 1+ε
q
dy
=
x∫
0
(xy)
λ−1
2
xλ
(
x
y
) 1+ε
q
dy +
∞∫
x
(xy)
λ−1
2
yλ
(
x
y
) 1+ε
q
dy
= 1
λ+1
2 − 1+εq
+ 1
λ−1
2 + 1+εq
→ 1
λ+1
2 − 1q
+ 1
λ+1
2 − 1p
= 4pqλ[p(λ + 1) − 2][q(λ + 1) − 2] = kp, k˜p(ε, x) → kp
(
ε → 0+);
0 <
∞∑
m=1
1
m1+ε
1∫
0
k(m, t)
(
m
t
) 1+ε
r
dt
=
∞∑
m=1
1
m1+ε
1∫
0
(mt)
λ−1
2
(max{m, t})λ
(
m
t
) 1+ε
r
dt 
∞∑
m=1
1
m1+ε
1∫
0
(mt)
λ−1
2
mλ
(
m
t
) 1+ε
r
dt
= 1
( λ+12 − 1+εr )
∞∑
m=1
1
m(λ+1)/2+(1+ε)/s
< ∞
(
ε → 0+; r > 1, s = r
r − 1
)
.
Since for fixed x > 0, 0 1 − 2 min{1/p,1/q} < λ 1 + 2 min{1/p,1/q} and ε  0, the func-
tion
k(x, t)
(
x
) 1+ε
r = 1
λ
x
λ−1
2 + 1+εr t
λ−1
2 − 1+εr , t ∈ (0,∞),t (max{x, t})
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‖T ‖p = kp = 4pqλ[p(λ + 1) − 2][q(λ + 1) − 2] ,
and by Theorem 3, it follows that
Corollary 3. If p > 1, 1/p + 1/q = 1, am,bn  0, a = {am}∞m=1 ∈ lp, b = {bn}∞n=1 ∈ lq , and‖a‖p,‖b‖q > 0, then for 1−2 min{1/p,1/q} < λ 1+2 min{1/p,1/q}, one has the following
equivalent inequalities:
∞∑
n=1
∞∑
m=1
(mn)
λ−1
2 ambn
(max{m,n})λ <
4pqλ
[p(λ + 1) − 2][q(λ + 1) − 2]‖a‖p‖b‖q; (29){ ∞∑
n=1
[ ∞∑
m=1
(mn)
λ−1
2 am
(max{m,n})λ
]p} 1
p
<
4pqλ
[p(λ + 1) − 2][q(λ + 1) − 2]‖a‖p, (30)
where the constant factor 4pqλ[p(λ+1)−2][q(λ+1)−2] is the best possible. In particular, for λ = 1, one
has the Hilbert’s type inequality (see [4, Theorem 341]) and the equivalent form as:
∞∑
n=1
∞∑
m=1
ambn
max{m,n} < pq‖a‖p‖b‖q; (31){ ∞∑
n=1
[ ∞∑
m=1
am
max{m,n}
]p} 1
p
< pq‖a‖p, (32)
where the constant factor pq is the best possible.
(4) Setting
k(x, y) = ln(x/y)
xλ − yλ (xy)
λ−1
2
(
1 − 2 min
{
1
p
,
1
q
}
< λ 1 + 2 min
{
1
p
,
1
q
})
,
for any 0 ε < ((λ + 1)/2)min{p,q} − 1 and fixed x > 0, putting u = (y/x)λ, one finds from
the formula (see [4, Theorem 342])
∞∫
0
lnu
u − 1u
1
p
−1
du =
[
π
sin(π/p)
]2
=
[
B
(
1
p
,
1
q
)]2
that
k˜q (ε, x) =
∞∫
0
ln(x/y)
xλ − yλ (xy)
λ−1
2
(
x
y
) 1+ε
q
dy
= 1
λ2
∞∫
0
lnu
u − 1u
( λ+12λ − 1+ελq )−1 du → 1
λ2
∞∫
0
lnu
u − 1u
( λ+12λ − 1λq )−1 du
=
[
1
B
(
q(λ + 1) − 2
,
p(λ + 1) − 2)]2 = kp, k˜p(ε, x) → kp (ε → 0+);λ 2λq 2λp
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∞∑
m=1
1
m1+ε
1∫
0
k(m, t)
(
m
t
) 1+ε
r
dt =
∞∑
m=1
1
m1+ε
1∫
0
ln(m
t
)(mt)
λ−1
2
mλ − tλ
(
m
t
) 1+ε
r
dt
=
∞∑
m=1
1
m1+ε
1∫
0
ln(m
t
)
mλ
∞∑
k=0
(
t
m
)λk
(mt)
λ−1
2
(
m
t
) 1+ε
r
dt
=
∞∑
m=1
1
m1+ε
∞∑
k=0
1
m∫
0
(− lnu)uλk+ λ−12 − 1+εr du
=
∞∑
m=1
1
m
λ+1
2 + 1+εs
∞∑
k=0
1
λk + λ+12 − 1+εr
[
lnm + 1
λk + λ+12 − 1+εr
]
1
mλk

∞∑
k=0
1
(λk + λ+12 − 1+εr )2
+
∞∑
m=2
lnm
m
λ+1
2 + 1+εs
∞∑
k=0
1
λk + λ+12 − 1+εr
· 1
2λk
+
∞∑
m=2
1
m
λ+1
2 + 1+εs
∞∑
k=0
1
(λk + λ+12 − 1+εr )2
1
2λk
< ∞
(
ε → 0+; r > 1, s = r
r − 1
)
.
Since for λ > 0 and fixed x > 0, ln(x/t)
xλ−tλ , t ∈ (0,∞), is decreasing (see [13, Note of Lemma 2.2]),
then for ε  0 and 0 1 − 2 min{1/p,1/q} < λ 1 + 2 min{1/p,1/q}, the function
k(x, t)
(
x
t
) 1+ε
r = ln(x/t)
xλ − tλ x
λ−1
2 + 1+εr t
λ−1
2 − 1+εr , t ∈ (0,∞),
is decreasing, and in view of Theorem 1, one has
‖T ‖p = kp =
[
1
λ
B
(
q(λ + 1) − 2
2λq
,
p(λ + 1) − 2
2λp
)]2
.
By Theorem 3, one has
Corollary 4. If p > 1, 1/p + 1/q = 1, am,bn  0, a = {am}∞m=1∈ lp, b = {bn}∞n=1 ∈ lq and‖a‖p,‖b‖q > 0, then for 1−2 min{1/p,1/q} < λ 1+2 min{1/p,1/q}, one has the following
equivalent inequalities:
∞∑
n=1
∞∑
m=1
ln(m
n
)(mn)
λ−1
2
mλ − nλ ambn <
[
1
λ
B
(
q(λ + 1) − 2
2λq
,
p(λ + 1) − 2
2λp
)]2
‖a‖p‖b‖q; (33)
{ ∞∑
n=1
[ ∞∑
m=1
ln(m
n
)(mn)
λ−1
2
mλ − nλ am
]p} 1
p
<
[
1
λ
B
(
q(λ + 1) − 2
2λq
,
p(λ + 1) − 2
2λp
)]2
‖a‖p, (34)
where the constant factor [ 1
λ
B(
q(λ+1)−2
2λq ,
p(λ+1)−2
2λp )]2 is the best possible. In particular, for
λ = 1, one has the Hilbert’s type inequality (see [4, Theorem 342]) and the equivalent form
as:
540 B. Yang / J. Math. Anal. Appl. 325 (2007) 529–541∞∑
n=1
∞∑
m=1
ln m
n
m − nambn <
[
π
sin(π/p)
]2
‖a‖p‖b‖q; (35)
{ ∞∑
n=1
[ ∞∑
m=1
ln m
n
m − nam
]p} 1
p
<
[
π
sin(π/p)
]2
‖a‖p, (36)
where the constant factor [ πsin(π/p) ]2 is the best possible.
Remarks. For λ = 1, both (25) and (27) reduce to the following Hilbert’s inequality:
∞∑
n=1
∞∑
m=1
1
m + nambn <
π
sin(π/p)
‖a‖p‖b‖q . (37)
Inequalities (31) and (35) are classical Hilbert-type inequalities with some best constant factors,
and inequalities (25), (27), (29) and (33) are new extended Hilbert’s type inequalities. So, one
can call T defined by (9) satisfying Theorem 3 the Hilbert-type linear operator.
In the following, one gives a particular case of Theorem 2 (for p = q = 2):
(5) Setting
k(x, y) = 1
(1 + xy)λ (xy)
λ−1
2 (0 < λ 2),
for any 0 < ε < λ and fixed x > 0, one finds
k˜2(ε, x) =
∞∫
0
1
(1 + xy)λ (xy)
λ−1
2
(
x
y
) 1+ε
2
dy
= x ε2
∞∫
0
u
λ−ε
2 −1
(1 + u)λ du = k2(ε) (constant).
Since for 0 < λ 2 and fixed x > 0, the function
k(x, t)
(
x
t
) 1
2 = 1
(1 + xt)λ x
λ
2 t
λ
2 −1, t ∈ (0,∞),
is decreasing, and k˜2(0, x) = B(λ2 , λ2 ) = k2, by Theorems 1 and 2, one has ‖T ‖2  B(λ2 , λ2 ) and
Corollary 5. If am,bn  0 and a = {am}∞m=1, b = {bn}∞n=1 ∈ l2, then for 0 < λ 2, one has thefollowing two equivalent inequalities:
∞∑
n=1
∞∑
m=1
(mn)(λ−1)/2
(1 + mn)λ ambn  B
(
λ
2
,
λ
2
)
‖a‖2‖b‖2; (38)
{ ∞∑
n=1
[ ∞∑
m=1
(mn)(λ−1)/2
(1 + mn)λ am
]2} 12
 B
(
λ
2
,
λ
2
)
‖a‖2. (39)
Open problem. Is the Hilbert’s type linear operator T in this paper semi-positive definite and
suitable to use (1)?
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